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Classical gases, fluids, and crystals
Usually, to estimate the interaction rate in system of particles, coupling parameter is
employed:

Γ '
〈U〉
T

=
Interaction energy
Kinetic energy

Then, we have the following different situations:
Γ . 1 — Gases:
Mayer’s theory for imperfect gases (1937) – The First-Principle Theory
102 & Γ & 1 — Fluids:
BBGKY (1948), Ornstein-Zernike equation for fluids (1914)
Frenkel’s approaches (1947)
Density-Functional Theory (1927)
Γ & 102 — Crystals:
Density-Functional Theory (1927)

Pair correlation function can be determined in crystals as

g(r) =
V

N2

〈 ∑
α,β,α 6=β

δ(r + rα − rβ)

〉
=
V

N

∑
α

pα(r− rα),

where V , N stand for volume and number of particle in the system, δ(r) is Dirac
delta-function, and 〈...〉 means canonical ensemble averaging, summation is over all the
nodes α.

It is amazingly, but the problem of pair correlations in crystals has not been solved
complementary for a very long time!
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The general motivation

Fundamental problem of condensed matter physics:
Prediction of structure and properties of condensed systems for given thermodynamic
conditions, employing only the interaction potentials between the particles.

If we know pair correlation functions in classical crystals,
Thermodynamics of the systems can be obtained.
The solution is important for broad range of systems:
atomic, molecular, and complex crystals – in elemental and molecular crystals,
in complex media – dusty plasmas, colloidal suspensions, polyelectrolyte ionic
microgels, etc.
Predicting theory of liquid-solid and solid-solid phase transitions can be proposed.

Dusty plasmas Colloidal systems Apart from Molecular
dynamic (MD) simulations,
dusty plasmas and colloidal
crystals allow to perform
particle-resolved studies of

generic phenomena.
The panels demonstrate

typical crystals observed in
the media.
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The shortest graphs in crystals
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The shortest graphs define the functions pα(r) by the corresponding convolutions. In the
first approximation, the pair correlations can be estimated as

g(r) =
1

n

∑
α

1

(σ
√

2πnα)3
exp

(
−

(r− rα)2

2nασ2

)
, σ2 =

2T

mΩ2
E

, Ω2
E =

1

3m

∑
α

∆ϕ|r=rα ,

where nα is the number of steps in the corresponding shortest graph to node α.

S.O. Yurchenko. JCP 140, 134502 (2014)
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g(r) in Lennard-Jones and Yukawa crystals
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Numerical g(r) function (red, MD) and theoretically predicted by the SG method (blue).
Lennard-Jones HCP lattice (top row): Temperature is (from left to right): T/ε = 0.1, 1, 1.55

Yukawa BCC lattice (bottom row): Temperature is (from left to right): T/ε = (1.0, 4.5, 8.5)× 10−3

S.O. Yurchenko. JCP 140, 134502 (2014)
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Account of three-body correlations at large distances
In the harmonic approximation, individual peaks are described by the Gaussian functions:

pα(r) ∝ exp

[
−

(eα · r)2

2σ2
‖α

]
exp

[
−
r2 − (eα · r)2

2σ2
⊥α

]
,

where σ2
‖α and σ2

⊥α are the longitudinal and transverse MSDs, respectively, and
eα = rα/|rα| is the unit vector. At large distances, σ2

‖α ' σ
2
⊥α = σ2

α/D.

σ̃2
α+1 = σ̃2

α + 1− 2φα

√
σ̃2
α, σ̃2

α =
σ2
α

σ2
1

, φα =
〈(uα − u0)(uα − uα+1)〉√

σ2
1σ

2
α

,

where φα originates from three-body correlations. At α→∞ (in 3D crystals)
φ∞ = 1/2

√
σ̃2
∞ and can be find analytically, as:

σ2
1 =

2T

mN

∑
q,j

1

ω2
j (q)

[1− cos (q · r1)], σ2
∞ =

2T

mN

∑
q,j

1

ω2
j (q)

,

where j denotes the phonon branch, and the summation is over all q and j.

In 2D crystals, we obtained σ̃2
α ' 1 +A lnnα , where the constant A is found analytically.

S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev. JCP 143, 034506 (2015).
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The results for 3D and 2D crystals

Shown are the normalized MSD, σ̃2
α = σ2

α/σ
2
1 (a) and the correlation parameter, φα (b) versus the shortest-

graph length nα for studied 3D (left column) and 2D (right column) crystals.
S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev. JCP 143, 034506 (2015).
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Functions g(r) for “soft” Yukawa crystals

(a) – 3D FCC lattice at κ = 1.4, τ = 0.1; (b) – 2D (triangular) lattice at κ = 0.56, τ = 0.5. The symbols
are the MD results, the solid and dashed lines are the theoretical results from the “exact” (anisotropic
Gaussians for close particles) and simplified theories, respectively.

S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev. JCP 143, 034506 (2015).

S.O. Yurchenko (TeraTech Lab) Bauman MSTU September 16-26, 2016 10 / 23



The anharmonicity at short distances

The pair correlation function g(r) at short distances, plotted for Yukawa BCC (a) and IPL12
FCC (b) crystals at κ = 0.62, τ = 0.9. The first peak is clearly non-Gaussian for the short-
range interaction (b).

S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev. JCP 143, 034506 (2015)
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From pair correlations to the Helmholtz free energy
Using found pair correlations functions g(r), one can obtain the interaction energy,

Uint

N
=
n

2

∫
dr g(r)ϕ(r)

Then, once can perform thermodynamic integration to find the Helmholtz free energy

F = Fph − T
∫ T

0

(
δUint −

3

2
NT

)
dT

T 2
+ U0 , Fph = T

∑
q,j

ln

[
2 sinh

(
~ωj(q)

2T

)]
,

where δUint = Uint − U0 is the temperature-dependent part of the internal energy,
U0 = 1

2

∑
α 6=β ϕ(rα − rβ) is the static interaction energy, and Fph describes the

contribution of phonons.
Also, the Helmholtz free energy (F = E − TS) can be rewritten using the following
expansion (Wallace, 1987),

S = −
N

n

∫
dp f

(1)
N (p) lnh3f

(1)
N (p)−

n2

2

∫
dr1dr2 g

(2)
N (r1, r2) ln g

(2)
N (r1, r2)−

−
n3

3!

∫
dr1dr2dr3 g

(3)
N (r1, r2, r3) ln

[
g

(3)
N (r1, r2, r3)

g
(2)
N (r1, r2)g

(2)
N (r2, r3)g

(2)
N (r1, r3)

]
+ . . .

D.C. Wallace. JCP 87, 2282 (1987)
S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev. JCP 143, 034506 (2015)
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Thermodynamics of Yukawa and IPL crystals

Left panel: The relative error ε of the Helmholtz free energy (with respect to the MD results), calculated
from the “exact” theory for 3D (a) and 2D (b) Yukawa crystals for different dimensionless temperatures τ
and screening parameters κ.
Right panel: The relative error ε of the Helmholtz free energy for 3D (a) and 2D (b) IPL crystals with
different exponents k.

S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev. JCP 143, 034506 (2015)

S.O. Yurchenko (TeraTech Lab) Bauman MSTU September 16-26, 2016 13 / 23



Thermodynamics of crystals

Left panel: The compressibility Z = PV/NT of IPL crystals for different dimensionless temperatures τ
and inverse exponents k−1. The symbols and solid lines depict the MD and theoretical results.
Right panel: The solid-solid (BCC-FCC) transition line for Yukawa crystals. The growing deviation from
the results by Hamaguchi et al. is due to a combined effect of anharmonicity (at lower Γ) and hard-sphere-
like interactions (at larger κ).

Theoretical compressibility is obtained from the virial equation of state,

Z = 1−
2πn

3T

∫ ∞
0

dr r3ϕ′(r)g(r).

S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev. JCP 143, 034506 (2015)
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Account of phonon spectra anharmonicity

Pair correlation function for a 3D Yukawa FCC crystal (κ = 4, near melting line). The
insets demonstrate that the use of the finite-temperature spectra substantially improves the
analytical results at larger distances, while the results for the first peak become less accurate.

S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev. J. Phys.: Condens. Matter 28, 235401 (2016).
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Interpolation method (IM)
The peak form is

pα(r) ∝ exp

[
−
ϕ(r + rα)

kBT
− bα(eα · r)−

(eα · r)2

2a2
‖α

−
r2 − (eα · r)2

2a2
⊥α

]

The normalization constant and constants a2
‖,⊥, bα are found using the conditions∫

dr pα(r) = 1,

∫
dr rpα(r) = 0,∫

dr (eα · r)2pα(r) = σ2
‖α,

∫
dr [r2 − (eα · r)2]pα(r) = (D − 1)σ2

⊥α,

where for close particles (with nα ≤ 4) the MSDs can be calculated using the
finite-temperature phonon spectra ω(q, T ):

σ2
‖α =

2kBT

mN

∑
q,j

(eα · eq)2

ω2
j (q, T )

[1− cos (q · rα)],

σ2
⊥α =

2kBT

mN

∑
q,j

1− (eα · eq)2

(D − 1)ω2
j (q, T )

[1− cos (q · rα)].

For nα > 4 we use the SG method described before.

S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev. J. Phys.: Condens. Matter 28, 235401 (2016).
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The results: pair correlations in 3D crystals

Pair correlation function for a 3D Yukawa (a) and IPL12 (b) FCC crystal with the screening
parameter κ = 4 and dimensionless temperature (relatively the melting) τ = 0.9. The
respective insets show a zoom on the first correlation peak. IM calculations (red lines, include
the lattice discreteness effect) demonstrate an excellent agreement with MD results (blue
symbols).

S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev. J. Phys.: Condens. Matter 28, 235401 (2016).
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Phase diagram of Yukawa crystal found by IM

Phase diagram of a 3D Yukawa system in the plane spanned by the coupling parameter Γ
and screening parameter κ. The black dashed and red solid lines show “semi-analytic” results,
obtained for the crystalline phases with the SG and IM approaches, respectively. The blue
symbols are our MD results.

S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev. J. Phys.: Condens. Matter 28, 235401 (2016).
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The results: pair correlations in 2D crystals

Pair correlation function for a 2D Yukawa (a) and IPL12 (b) crystal with κ = 4 and τ = 0.9.
The blue symbols are MD results, the red solid lines show IM calculations.

S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev. J. Phys.: Condens. Matter 28, 235401 (2016).
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Pseudo-hard-sphere crystal

Pair correlation function for a 3D FCC (a) and 2D (b) crystal with PHS interactions at NλD/V = 1. The
blue symbols are MD results, the red solid lines show IM calculations. The insets demonstrate that the IM
approach yields accurate results, even for strongly non-Gaussian first peaks.

The pseudo-hard-sphere (PHS) potential:

ϕPHS =

 50ε
(

50
49

)49
[(

λ
r

)50
−
(
λ
r

)49
]

+ ε, r ≤ 50
49
λ;

0, r > 50
49
λ.

ε = 2kBT/3

S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev. J. Phys.: Condens. Matter 28, 235401 (2016).
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Melting – Ornstein-Zernike – Shortest-Graph (OZ - SG)
theory
Using Ornstein-Zernike theory for fluid and SG method for solid, one can construct theory
quite accurate estimation of melting line.

Melting line calculated using OZ-SG theory for fluid and solid, respectively. One can see that the result
strongly depends on the closure relation used in OZ theory.
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Conclusion and related problems

The result. — For given interaction potential and finite-temperature phonon spectra, pair
correlations are described precisely by proposed IM approach.

Papers about the shortest-graph and interpolation method are
S.O. Yurchenko // The Journal of Chemical Physics 140, 134502 (2014).
S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev // The Journal of Chemical Physics
143, 034506 (2015).
S.O. Yurchenko, N.P. Kryuchkov, A.V. Ivlev // Journal of Physics: Condensed Matter
28, 235401 (2016).

Related problems for future studies:
Existence of phonon-like excitations in hard-sphere-like systems. Can phonon spectra
be calculated using the proposed IM method ?
Quasi-crystalline approach – “crystals” with vanishing correlations (φ∞ → 0) at large
distances. Can fluids be described by quasi-crystalline approaches (under the
Frenkel’s line) ?
Predicting theory of melting. Can we consider the structure of fluid near the melting
line ?

S.O. Yurchenko (TeraTech Lab) Bauman MSTU September 16-26, 2016 22 / 23



Thank you for your attention !

Laboratory “Terahertz technologies” <teratech.ru>
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