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Àííîòàöèÿ

�àññìàòðèâàþòñÿ àíàëèòè÷åñêèå àñïåêòû ïðèìåíåíèÿ íåïðåðûâíîãî

âåéâëåò-ïðåîáðàçîâàíèÿ ê çàäà÷àì êâàíòîâîé òåîðèè ïîëÿ è ñòàòèñòè-

÷åñêîé �èçèêè. Ïîêàçàíî, ÷òî ïðè÷èíîé ðàñõîäèìîñòåé, âîçíèêàþùèõ

ïðè êâàíòîâî-ïîëåâîì îïèñàíèè ðàçëè÷íûõ ñèñòåì ñ êîíòèíóàëüíûì

÷èñëîì ñòåïåíåé ñâîáîäû, ÿâëÿåòñÿ íåàäåêâàòíûé âûáîð ïðîñòðàí-

ñòâà �óíêöèé, à èìåííî, ñîîòâåòñòâèå �óíêöèé �ðèíà ïðèíöèïèàëüíî

íå èçìåðèìûì, à ñëåäîâàòåëüíî, íå �èçè÷åñêèì âåëè÷èíàì. Ëþáàÿ

�èçè÷åñêàÿ âåëè÷èíà (ïîëå) ìîæåò áûòü èçìåðåíà ëèøü â êîíå÷íîé

îáëàñòè ïðîñòðàíñòâà, ðàçìåðû êîòîðîé îïðåäåëÿþòñÿ ðàçðåøåíèåì

èçìåðèòåëüíîãî ïðèáîðà, íî íèêàê íå â òî÷êå. Ââåäåíèå êîíå÷íîãî ðàç-

ðåøåíèÿ â îïðåäåëåíèå êâàíòîâîãî ïîëÿ φ(x) → φa(x) ïîñðåäñòâîì

íåïðåðûâíîãî âåéâëåò-ïðåîáðàçîâàíèÿ ïðèâîäèò ê íåçíà÷èòåëüíîìó

èçìåíåíèþ �åéíìàíîâñêîé äèàãðàìíîé òåõíèêè, íî äåëàåò âñå ïîëó-

÷àåìûå �óíêöèè �ðèíà êîíå÷íûìè ïî ïîñòðîåíèþ.
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Íåïðåðûâíîå âåéâëåò-ïðåîáðàçîâàíèå

Continuous Wavelet Transform

[Carey, 1976,Bull. Austr. Math. So.

15, 12; Du�o and Moore, 1976, J.

Fun. Anal., 21, 209℄:

Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî,

G � ëîêàëüíî-êîìïàêòíàÿ ãðóïïà Ëè,

äåéñòâóþùàÿ íà H, dµ(ν), ν ∈ G �

ëåâîèíâàðèàíòíàÿ ìåðà íà G , a U(ν)
åå ïðåäñòàâëåíèå. ∀|φ〉 ∈ H

|φ〉 =
1

Cg

∫

G

U(ν)|g〉dµ(ν)〈g |U∗(ν)|φ〉

|g〉 ∈ H � áàçèñíûé âåé-

âëåò, óäîâëåòâîðÿþùèé óñëîâèþ

Cg = 1
‖g‖2

∫

G
|〈g |U(ν)|g〉|2dµ(ν) < ∞.

〈g |U∗(ν)|φ〉 � êîý��èöèåíòû

âåéâëåò-ðàçëîæåíèÿ

G : x ′ = ax + b, x , b ∈ R
d
, a ∈ R+,

� à��èííàÿ ãðóïïà â R
d
, à

U(a,b)g(x) =
1

ad
g

(

x − b

a

)

åå (L1
-íîðìèðîâàííîå) ïðåäñòàâëå-

íèå. Òîãäà

φa(b) =

∫

Rd

1

ad
g

(

x − b

a

)

φ(x)dd
x

� âåéâëåò êîý��èöèåíòû �óíêöèè

φ ∈ L2(Rd) ïî îòíîøåíèþ ê áàçèñíî-

ìó âåéâëåòó g .
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Íåïðåðûâíîå âåéâëåò-ïðåîáðàçîâàíèå

À�èííàÿ ãðóïïà â Rd

Ïóñòü

G : x ′ = aR(θ)x + b, x , b ∈ R
d , a ∈ R+, θ ∈ SO(d),

ãðóïïà à��èííûõ ïðåîáðàçîâàíèé â R
d
. Ïóñòü

U(a, b, θ)g(x) =
1

ad
g

(

R−1(θ)
x − b

a

)

� ïðåäñòàâëåíèå ãðóïïû G (â L1-íîðìå). Òîãäà

φa,θ(b) =

∫

Rd

1

ad
g

(

R−1(θ)
x − b

a

)

φ(x)ddx

íàçûâàþòñÿ âåéâëåò-êîý��èöèåíòàìè ïîëÿ φ ∈ L2(Rd) ïî
îòíîøåíèþ ê âåéâëåòó g .
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Îáðàòíîå âåéâëåò-ïðåîáðàçîâàíèå

Ôóíêöèÿ φ(x) ìîæåò áûòü âîññòàíîâëåíà èç íàáîðà êîý��èöèåíòîâ
âåéâëåò-ðàçëîæåíèÿ ïî �îðìóëå:

φ(x) =
1

Cg

∫
1

ad
g

(

R−1(θ)
x − b

a

)

φaθ(b)
daddb

a
dµ(θ)

Êîíñòàíòà íîðìèðîâêè Cg ëåãêî âû÷èñëÿåòñÿ ñ ïîìîùüþ

ïðåîáðàçîâàíèÿ Ôóðüå:

Cg =

∫ ∞

0

|g̃(aR−1(θ)k)|2 da
a
dµ(θ) =

∫

|g̃(k)|2 d
dk

|k |d <∞.

Äëÿ èçîòðîïíûõ áàçèñíûõ âåéâëåòîâ

Cg =

∫ ∞

0

|g̃(ak)|2 da
a

=

∫

|g̃(k)|2 ddk

Sd |k |d
,

ãäå Sd = 2πd/2

Γ(d/2) ïëîùàäü åäèíè÷íîé ñ�åðû â R
d
.
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Desrete Wavelet Transform

Disrete analog of CWT :

f (x) =
∑

j,k

d
j
k2

−jψ(2−jx − k) + Res

Pyramidal sheme (VN ⊂ VN−1 ⊂ . . .V0, Vk \ Vk−1 = Wk)

s0
H→ s1

H→ s2 → . . .
G

ց
G

ց
G

ց
d1 d2 . . .

Saling equation:

φ(x) =
√
2
∑

n

hnφ(2x − n), ψ(x) = φ(2x)− φ(2x − 1)

Low- and High- pass �lters

(Ha)k =
∑

n

hn−2kan, (Ga)k =
∑

n

gn−2kan, gn = (−1)nh1−n+2N
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Êâàíòîâî-ïîëåâîå îïèñàíèå ñèñòåì ñ êîíòèíóàëüíûì

÷èñëîì ñòåïåíåé ñâîáîäû

Ïóñòü φ(x , ·) � ñëó÷àéíîå ïîëå, x ∈ R
d
. Ïëîòíîñòü âåðîÿòíîñòè êîí-

�èãóðàöèè φ(x) îïðåäåëÿåòñÿ âåñîâûì ìíîæèòåëåì ρ[φ] = e
−

F [φ]
kBT ≡

e−S[φ]
. Ñòàòèñòè÷åñêèå ìîìåíòû ïîëåâîé êîí�èãóðàöèè ïîëó÷àþòñÿ

ïóòåì âàðèàöèîííîãî äè��åðåíöèðîâàíèÿ ïðîèçâîäÿùåãî �óíêöèî-

íàëà

〈φ(x1) . . . φ(xn)〉c =
δW [J(x)]

δJ(x1) . . . δJ(xn)

∣
∣
∣
∣
J=0

ãäå

eW [J] ≡ Z [J(x)] =

∫

exp

(

−S [φ] +

∫

φ(x)J(x)dx

)

Dφ

Åñëè ñèñòåìà êâàíòîâàÿ, òî �äåéñòâèå� S [φ] ïðåäñòàâëÿåò ñîáîé ïî-

òåíöèàë âçàèìîäåéñòâèÿ � �óíêöèîíàë Ëàíäàó.

Åñëè ñèñòåìà êëàññè÷åñêàÿ, îïèñûâàåòñÿ óðàâíåíèåì Ëàíæåâåíà

φ̇ = U[φ] + ξ(·), òî ïðîèñõîäèò óäâîåíèå ïîëåé:

δ
(

φ̇− U[φ] + . . .
)

→ φ̂
(

φ̇− U[φ] + . . .
)

(Martin, Sigia, Rose 1977)
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Êâàíòîâàÿ òåîðèÿ ïîëÿ. S-ìàòðèöà

Ïåðåõîä êâàíòîâîé ñèñòåìû èç íà÷àëüíîãî ñîñòîÿíèÿ â êîíå÷íîå îïè-

ñûâàåòñÿ ñ ïîìîùüþ S-ìàòðèöû |q(out)+∞ 〉 = Ŝ |q(in)−∞〉:

〈q(out)t |q(in)T 〉 = N
∫

Dqe
ı
~
S[t,T ,[q]]

ãäå S [t,T , [q]] =
∫
L(q, q̇)dt � �óíêöèîíàë äåéñòâèÿ, âû÷èñëåííûé íà

çàäàííîé òðàåêòîðèè q(t).
Ïðèìåð. �àðìîíè÷åñêèé îñöèëëÿòîð ïîä äåéñòâèåì âûíóæäàþùåé ñè-

ëû (~ ≡ 1):

〈q(out)t |q(in)T 〉 = N
∫

Dqe
ı
∫

dt
[

1
2 q̇

2−ω2

2 q2+F (t)q(t)
]

Ïîä èíòåãðàëîì ñòîèò áûñòðî îñöèëëèðóþùàÿ �óíêöèÿ. Çàìåíà âå-

ùåñòâåííîãî âðåìåíè íà ìíèìîå τ = ıt ïðèâîäèò ê ðåãóëÿðíîìó âû-

ðàæåíèþ

WE [F ] =

∫

Dqe
−

∫

dτ
[

1
2 q̇

2+ω2

2 q2−Fq
]

,

ñîâïàäàþùåìó ñî ñòàòñóììîé
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Ìàñøòàáíîçàâèñèìûå �óíêöèè

Sale-dependent funtions: L2(Rd ) or not L2(Rd )?

Äëÿ ëîêàëèçàöèè ÷àñòèöû â èíòåðâàëå ∆x òðåáóåòñÿ ïåðåäà÷à

èìïóëüñà ïîðÿäêà ∆p∼~/∆x . φ(x) â òî÷êå x íå èìååò

ýêñïåðèìåíòàëüíîãî ñìûñëà. Èíòåðïðåòèðóåìûìè ÿâëÿþòñÿ

ëèøü âàêóóìíûå ñðåäíèå ïðîèçâåäåíèé ïîëåé â íåêîòîðîé

îáëàñòè âáëèçè x
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Ìàñøòàáíîçàâèñèìûå �óíêöèè

Sale-dependent funtions: L2(Rd ) or not L2(Rd )?

Äëÿ ëîêàëèçàöèè ÷àñòèöû â èíòåðâàëå ∆x òðåáóåòñÿ ïåðåäà÷à

èìïóëüñà ïîðÿäêà ∆p∼~/∆x . φ(x) â òî÷êå x íå èìååò

ýêñïåðèìåíòàëüíîãî ñìûñëà. Èíòåðïðåòèðóåìûìè ÿâëÿþòñÿ

ëèøü âàêóóìíûå ñðåäíèå ïðîèçâåäåíèé ïîëåé â íåêîòîðîé

îáëàñòè âáëèçè x

Åñëè ñèñòåìà, îïèñûâàåìàÿ φ(x), áûëà èçíà÷àëüíî
ïðèãîòîâëåíà â èíòåðâàëå (x − ∆x

2 , x + ∆x
2 ), òî âåðîÿòíîñòü åå

ïîñëåäóþùåé ðåãèñòðàöèè â äàííîì èíòåðâàëå ìåíüøå

åäèíèöû, òàê êàê çàâèñèò è îò èíòåíñèâíîñòè âçàèìîäåéñòâèÿ

ïðèáîðà ñ èçìåðÿåìîé ñèñòåìîé, è îò îòíîøåíèÿ èõ ìàñøòàáîâ.
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Ìàñøòàáíîçàâèñèìûå �óíêöèè

Sale-dependent funtions: L2(Rd ) or not L2(Rd )?

Äëÿ ëîêàëèçàöèè ÷àñòèöû â èíòåðâàëå ∆x òðåáóåòñÿ ïåðåäà÷à

èìïóëüñà ïîðÿäêà ∆p∼~/∆x . φ(x) â òî÷êå x íå èìååò

ýêñïåðèìåíòàëüíîãî ñìûñëà. Èíòåðïðåòèðóåìûìè ÿâëÿþòñÿ

ëèøü âàêóóìíûå ñðåäíèå ïðîèçâåäåíèé ïîëåé â íåêîòîðîé

îáëàñòè âáëèçè x

Åñëè ñèñòåìà, îïèñûâàåìàÿ φ(x), áûëà èçíà÷àëüíî
ïðèãîòîâëåíà â èíòåðâàëå (x − ∆x

2 , x + ∆x
2 ), òî âåðîÿòíîñòü åå

ïîñëåäóþùåé ðåãèñòðàöèè â äàííîì èíòåðâàëå ìåíüøå

åäèíèöû, òàê êàê çàâèñèò è îò èíòåíñèâíîñòè âçàèìîäåéñòâèÿ

ïðèáîðà ñ èçìåðÿåìîé ñèñòåìîé, è îò îòíîøåíèÿ èõ ìàñøòàáîâ.

Ïîëíîòà èçìåðåíèÿ. Âåðîÿòíîñòü ðåãèñòðàöèè îáúåêòà,

äîñòîâåðíî ïðèãîòîâëåííîãî â èíòåðâàëå ∆x , ñ ïîìîùüþ

èçìåðèòåëüíîãî ïðèáîðà ñ �èêñèðîâàííûì ðàçðåøåíèåì a

ìåíüøå åäèíèöû. Ñîâîêóïíîñòü âñåõ âîçìîæíûõ èçìåðåíèé,

ïîëó÷àåìûõ ïåðåñòðîéêîé ðàçðåøåíèÿ a èçìåðèòåëüíîãî

ïðèáîðà, ñ äîñòîâåðíîñòüþ âåäåò ê ðåãèñòðàöèè îáúåêòà

∫
|φa(x)|2dµ(a, x) = 1
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Ìàñøòàáíî-çàâèñèìàÿ ÊÒÏ: Ñêàëÿðíîå ïîëå

L2(Rd ) :

φ(x) ≡ 〈x |φ〉,
∫

|φ(x)|2ddx = 1

Ñòàíäàðòíàÿ òåîðèÿ: èñïîëüçóåòñÿ ðàçëîæåíèå ïî ïðåäñòàâëåíèå

ãðóïïû ñäâèãîâ: φ(x) =
∫
e−ıkx φ̃(k) ddk

(2π)d

Ïðîèçâîäÿùèé �óíêöèîíàë

W [J] = N
∫

e
−

∫

ddx
[

1
2 (∂φ)

2+m2

2 φ2+ λ
4!φ

4−Jφ
]

Dφ

Ìàñøòàáíî-çàâèñèìûå ïîëÿ

φaθ(x) ≡ 〈x , θ, a; g |φ〉,
∫

|φa,θ(x)|2dµ(a, θ, x) = 1

φ(x) =
1

Cg

∫ ∞

0

da

a

∫
ddk

(2π)d
e−ıkx g̃(ak)φ̃a(k), φ̃a(k) = g̃(ak)φ̃(k)
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Âåéâëåò-ðàçëîæåíèå â êâàíòîâî-ïîëåâûõ ìîäåëÿõ

Wavelets in QFT [Altaisky PRD 81(2010)125003; Altaisky, Kaputkina PRD 88(2013)025015℄

Ìàñøòàáíî-çàâèñèìûå ïîëÿ

φa(x) ≡ 〈x , a; g |φ〉

φ(x) =
1

Cg

∫ ∞

0

da

a

∫
ddk

(2π)d
e−ıkx g̃(ak)φ̃a(k), φ̃a(k) = g̃(ak)φ̃(k)

Ïðîèçâîäÿùèé �óíêöèîíàë

ZW [Ja] = N
∫

exp
[

−1

2

∫

φa1(x1)D(a1, a2, x1 − x2)φa2(x2)
da1d

dx1

a1
×

× da2d
dx2

a2
− λ

4!

∫

V a1,...,a4
x1,...,x4 φa1(x1) · · ·φa4(x4)

da1d
dx1

a1
×

× da2d
dx2

a2

da3d
dx3

a3

da4d
dx4

a4
+

∫

Ja(x)φa(x)
daddx

a

]

Dφa,

ãäå D(a1, a2, x1 − x2) è V a1,...,a4
x1,...,x4 � âåéâëåò-îáðàçû îáðàòíîãî

ïðîïàãàòîðà è ïîòåíöèàëà âçàèìîäåéñòâèÿ
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Ôåéíìàíîâñêàÿ äèàãðàìíàÿ òåõíèêà

Êàæäîå ïîëå φ̃(k) çàìåíÿåòñÿ ìàñøòàáíî-çàâèñèìûì ïîëåì

φ̃(k) → φ̃a(k) = g̃(ak)φ̃(k).
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Ôåéíìàíîâñêàÿ äèàãðàìíàÿ òåõíèêà

Êàæäîå ïîëå φ̃(k) çàìåíÿåòñÿ ìàñøòàáíî-çàâèñèìûì ïîëåì

φ̃(k) → φ̃a(k) = g̃(ak)φ̃(k).
Èíòåãðèðîâàíèå ïî êàæäîìó èìïóëüñó ñîïðîâîæäàåòñÿ

èíòåãðèðîâàíèåì ïî ëîãàðè�ìó ìàñøòàáà:

ddk

(2π)d
→ ddk

(2π)d
da

a
.
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Ôåéíìàíîâñêàÿ äèàãðàìíàÿ òåõíèêà

Êàæäîå ïîëå φ̃(k) çàìåíÿåòñÿ ìàñøòàáíî-çàâèñèìûì ïîëåì

φ̃(k) → φ̃a(k) = g̃(ak)φ̃(k).
Èíòåãðèðîâàíèå ïî êàæäîìó èìïóëüñó ñîïðîâîæäàåòñÿ

èíòåãðèðîâàíèåì ïî ëîãàðè�ìó ìàñøòàáà:

ddk

(2π)d
→ ddk

(2π)d
da

a
.

Êàæäàÿ âåðøèíà çàìåíÿåòñÿ ñâîèì âåéâëåò-îáðàçîì; äëÿ

âåðøèíû ñòåïåíè N ýòî ïðèâîäèò ê ìóëüòèïëèêàòèâíîìó

�àêòîðó

N∏

i=1

g̃(aiki).
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Ïðîåêòèðîâàíèå íà ìàñøòàá íàáëþäåíèÿ

Ìàñøòàáíîå óñëîâèå ïðè÷èííîñòè

Âî âíóòðåííèõ ëèíèÿõ íå äîëæíî áûòü ìàñøòàáîâ ai , ìåíüøèõ

ìèíèìàëüíîãî ìàñøòàáà âñåõ âíåøíèõ ëèíèé

��îëîâàñòèê� äëÿ ñêàëÿðíîé φ4 òåîðèè: �
�
�

�
�
�

��
��
��

��
��
��

�
�
�

�
�
�

q
p a3 a4 p

a2a1

T d
1 (Am) =

1

C 2
g

∫

a3,a4≥A

ddq

(2π)d
|g̃(a3q)|2|g̃(−a4q)|2

q2 +m2

da3

a3

da4

a4

=
Sdm

d−2

(2π)d

∫ ∞

0

f 2(Amx)
xd−1dx

x2 + 1
, A = min(a1, a2)

Èíòåãðèðîâàíèå ïî ìàñøòàáàì âíóòðåííèõ ëèíèé ïðèâîäèò ê

ý��åêòèâíîé �óíêöèè îáðåçàíèÿ

f (x) ≡ 1

Cg

∫ ∞

x

|g̃(a)|2 da
a
, f (0) = 1
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Ïðèìåðû îáðåçàþùèõ �óíêöèé

�àóññîâû âåéâëåòû

gn(x) = (−1)n+1 dn

dxn
e−x2/2

√
2π

,

g̃n(k) = −(−ık)ne−k2/2, n > 0

-1.5

-1

-0.5

0

0.5

1

-4 -2 0 2 4

g(
x)

x

Vanishing Momenta Family: wavelets g1 - g4

g1(x)
g2(x)
g3(x)
g4(x)

Cgn = 2

∫ ∞

0

a2ne−a2 da

a
= Γ(n)

Îáðåçàþùàÿ �óíêöèÿ

f (n, x) =
1

Γ(n)

∫ ∞

x

|g̃n(ak)|2
da

a

Îáðåçàþùèå �óíêöèè äëÿ g1 − g4
âåéâëåòîâ:

f (1, x) = e−x2

f (2, x) = (x2 + 1)e−x2

f (3, x) = (x4 + 2x2 + 2)e−x2/2

f (4, x) = (x6 + 3x4 + 6x2 + 6)e−x2/6
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φ4
: �îëîâàñòèê

Â îáîçíà÷åíèÿõ ðàáîòû M.V.Altaisky, Phys. Rev. D 81 (2010) 125003

T d
1 (Am) =

1

C 2
g

∫

a3,a4≥A

ddq

(2π)d
|g̃(a3q)|2|g̃(−a4q)|2

q2 +m2

da3

a3

da4

a4

=
Sdm

d−2

(2π)d

∫ ∞

0

f 2(Amx)
xd−1dx

x2 + 1

f (x) ≡ 1

Cg

∫ ∞

x

|g̃(a)|2 da
a
= e−x2

Â ðàçìåðíîñòè d = 4 èìååì T 4
1 (α) =

−4α4e2α
2

Ei(1, 2α2) + 2α2

64π2α4
m2,

ãäå α≡Am � áåçðàçìåðíûé ìàñøòàáíûé �àêòîð, A=min(a1, a2)

Ei(1, z) =

∫ ∞

1

e−xz

x
dx
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φ4
: �îëîâàñòèê

Â îáîçíà÷åíèÿõ ðàáîòû M.V.Altaisky, Phys. Rev. D 81 (2010) 125003

T d
1 (Am) =

1

C 2
g

∫

a3,a4≥A

ddq

(2π)d
|g̃(a3q)|2|g̃(−a4q)|2

q2 +m2

da3

a3

da4

a4

=
Sdm

d−2

(2π)d

∫ ∞

0

f 2(Amx)
xd−1dx

x2 + 1

f (x) ≡ 1

Cg

∫ ∞

x

|g̃(a)|2 da
a
= e−x2

Â ðàçìåðíîñòè d = 4 èìååì T 4
1 (α) =

−4α4e2α
2

Ei(1, 2α2) + 2α2

64π2α4
m2,

ãäå α≡Am � áåçðàçìåðíûé ìàñøòàáíûé �àêòîð, A=min(a1, a2)

G (2)(a1, a2, p) =
g̃(a1p)g̃(−a2p)

p2 +m2
−λ
2

g̃(a1p)g̃(−a2p)f
2(Ap)T d

1 (Am)

(p2 +m2)2
+. . .
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φ4
: îäíîïåòëåâîé âêëàä â âåðøèíó

a1 a1 a1a2 a2 a2

p p
q

p a3 a4
= + + ...

p

= + +

a5 a6

a)

b)
2

1 3

4 2

1

4 2

a

a5 a7

6 a8

q

+ permutations + ...

3

4

31

Èíòåãðàë �èñ. b ìîæåò áûòü âû÷èñëåí ïóòåì ñèììåòðèçàöèè

ïåòëåâûõ èìïóëüñîâ q→q+ s
2 , ïîñëå ÷åãî èìååì

Xd =
λ2

2

Sd−1

(2π)d
sd−4e−A2s2

∫ ∞

0

e−4A2s2y2

Id (y)y
d−3dy ,

Id (y) =

∫ π

0

sind−2 θdθ

β2(y) − cos2 θ
, β(y) =

y2 + 1
4 +

m2

s2

y
,

ãäå θ � óãîë ìåæäó èìïóëüñîì q è ïîëíûì èìïóëüñîì s = p1 + p2.
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φ4
: îäíîïåòëåâîé âêëàä â âåðøèíó

Âûðàæåíèå äëÿ îäíîïåòëåâîãî âêëàäà â âåðøèíó

Xd =
λ2

2

∫
ddq

(2π)d
f 2(qA)f 2((q − s)A)

[q2 +m2] [(q − s)2 +m2]
,

ãäå s=p1+p2,A = min(a1, a2, a3, a4).

Èíòåãðàë �èñ. b ìîæåò áûòü âû÷èñëåí ïóòåì ñèììåòðèçàöèè

ïåòëåâûõ èìïóëüñîâ q→q+ s
2 , ïîñëå ÷åãî èìååì

Xd =
λ2

2

Sd−1

(2π)d
sd−4e−A2s2

∫ ∞

0

e−4A2s2y2

Id (y)y
d−3dy ,

Id (y) =

∫ π

0

sind−2 θdθ

β2(y) − cos2 θ
, β(y) =

y2 + 1
4 +

m2

s2

y
,

ãäå θ � óãîë ìåæäó èìïóëüñîì q è ïîëíûì èìïóëüñîì s = p1 + p2.
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Àñèìïòîòèêà ïåòëåâûõ èíòåãðàëîâ

Â êðèòè÷åñêîé ðàçìåðíîñòè d = 4

X4 =
λ2

16π2
e−A2s2

∫ ∞

0

e−4A2s2y2
(

1−
√

1− β−2(y)
)

dy2.

Àñèìïòîòèêà X4 ïðè áîëüøèõ èìïóëüñàõ:

lim
s2≫4m2

X4(α
2) =

λ2

16π2

e−2α2

2α2

[

eα
2 − 1− α2e2α

2

Ei(1, α2) +

+ 2α2e2α
2

Ei(1, 2α2)
]

,

ãäå α ≡ As,
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Àñèìïòîòèêà ïåòëåâûõ èíòåãðàëîâ

Sale-deay fators for the two-point and four-

point Green funtions. The bottom urve is the

graph of tadpole as a funtion of A2
; the top

urve is the graph of vertex divided by

λ2

16π2 as a

funtion of A2
. m = s2 = 1 is set for both urves
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�åíîðìàëèçàöèîííàÿ ãðóïïà

Ìîäåëü �èíçáóðãà-Ëàíäàó:

HGL =

∫

ddx
[1

2
(∂φ)2 +

uφ2

2
︸ ︷︷ ︸

H0

+
λ

4!
φ4

︸ ︷︷ ︸

HI

]
≡ H0 + HI

�àçäåëåíèå íà ìåäëåííûå è áûñòðûå ïåðåìåííûå:

φ(x) = φ−(x) + φ+(x)

φ−(x) =

∫

0≤k< Λ
b

ddk

(2π)d
eıkx φ̃(k), φ+(x) =

∫

Λ
b
≤k<Λ

ddk

(2π)d
eıkx φ̃(k)

Ìàñøòàáíîå ïðåîáðàçîâàíèå:

H ′
GL = RbHGL, Rb : k → k ′ = bk , x → x ′ = x/b.

Èíòåãðèðîâàíèå ïî áûñòðûì ïåðåìåííûì ïðèâîäèò ê ý��åêòèâíîìó

ãàìèëüòîíèàíó, çàâèñÿùåìó òîëüêî îò ìåäëåííûõ ïåðåìåííûõ:

e−H′[φ−] =

∫

Dφ+e−H0[φ
−+φ+](1− HI [φ

− + φ+]) + O(λ2)
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H ′[φ−] = H0[φ
−] + 〈HI [φ

− + φ+〉+0
äëÿ ìîäåëè �èíçáóðãà-Ëàíäàó

H ′[φ−] =

∫

ddx

{
1

2
(∂φ−)2 +

1

2

[

u +
λ

2
G+
0

]

(φ−)2 +
λ

4!
(φ−)4

}

ãäå 〈(φ+)2〉+0 ≡ G+
0 =

∫

Λ
b
≤k≤Λ

ddk

k2 + u
=

SdΛ
d−2

(2π)d (d − 2)
︸ ︷︷ ︸

C

(1− b2−d)

Ïîñëå ïåðåõîäà ê øòðèõîâàííûì ïåðåìåííûì k ′ = bk , x ′ = x/b:

H ′ =

∫

ddx ′
{
bd−2−2dφ

2
(∂′φ′)2 +

bd−2dφ

2

[

u +
λ

2
G+
0

]

(φ′)2 +
bd−4dφλ

4!
(φ′)4

}

Òðåáîâàíèå èíâàðèàíòîñòè ãðàäèåíòíîãî ÷ëåíà ïðèâîäèò ê

u′ = b2u + C (b2 − bǫ)
λ

2
, λ′ = bǫλ, ǫ = 4− d

Ó÷åò îäíîïåòëåâîãî âêëàäà O(λ2) äàåò

u′ = b2
[

u +
λ

16π2
(
Λ2

2
(1 − b−2)− u ln b)

]

, λ′ = bǫ
[

λ− 3λ2

16π2
ln b

]
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Ý��åêòèâíîå äåéñòâèå

Ý��åêòèâíîå äåéñòâèå äëÿ ìàñøòàáíî-çàâèñèìûõ ïîëåé

Γ[φa] = −WW [Ja] +

∫

Ja(x)φa(x)
da

a
ddx

ãäå WW [Ja] = lnZW [Ja]
Âåðøèííûå �óíêöèè

Γ(A)[φa] = Γ
(0)
(A) +

∞∑

n=1

1

n!
Γ
(n)
(A)(a1, b1, . . . , an, bn)φa1(b1) . . . φan(bn)×

×da1d
db1

a1
. . .

dand
dbn

an

�îëü ìàñøòàáà íîðìèðîâêè èãðàåò ìàñøòàá íàáëþäåíèÿ A = mini ai .

A ∂
∂AΓ(A) = ... � ïîòîêîâîå

óðàâíåíèå

UV IR
Wilsonian RG Wavelet RG

A

µ

22 Àëòàéñêèé Ì.Â. ÈÊÈ �ÀÍ Âåéâëåòû â êâàíòîâîé òåîðèè ïîëÿ è ñòàò�èçèêå



Îäíîïåòëåâîå ïðèáëèæåíèå Γ(2) è Γ(4)
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���
���
���

����

���� ������Γ

Γ

=

=

∆

− −  3
2

−
1

2

2

1 3

4

q

1 2

1 3

2 4

q

+ ...

+ ...

(2)

(4)

Ý��åêòèâíàÿ �óíêöèÿ îáðåçàíèÿ

fg (x) =
1

Cg

∫ ∞

x

|g̃(a)|2 da
a

C 2
g

Γ
(2)
(A)(a1, a2, p)

g̃(a1p)g̃(−a2p)
= p2 +m2 +

λ

2
T d
g (A),

C 4
g

Γ
(4)
(A)

g̃(a1p1)g̃(a2p2)g̃(a3p3)g̃(a4p4)
= λ− 3

2
λ2X d

g (A)

ãäå

T d
g (A) =

Sdm
d−2

(2π)d

∫ ∞

0

f 2g (Ax)
xd−1dx

x2 + 1
,

X d
g (A) =

∫
ddq

(2π)d
f 2g (qA)f

2
g ((q − s)A)

[q2 +m2] [(q − s)2 +m2]
,

ãäå s=p1+p2,A = min(a1, a2, a3, a4),
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φ4
Îäíîïåëåâîå ïðèáëèæåíèå ñ g1 âåéâëåòîì

Cg1 =
1

2
, fg1(q) = e−q2

Ëîãàðè�ìè÷åñêàÿ ïåðåìåííàÿ ìàñøòàáà

µ = − lnA+ const

Áåçðàçìåðíûé ìàñøòàá α = Am

Ïîòîêîâûå óðàâíåíèÿ

∂λ

∂µ
= 3λ2α2 ∂X

4
1

∂α2
=

3λ2

16π2

2α2 + 1− eα
2

α2
e−2α2

,

1

m2

∂m2

∂µ
=

λ

32π2α2
− λ

16π2
+

λ

16π2
2α2e2α

2

Ei1(2α
2),

ãäå

Ei1(z) =

∫ ∞

1

e−xz

x
dx

-1

-0.5

 0

 0.5

 1

-0.5  0  0.5  1  1.5

Âåéâëåò Õààðà

Âåéâëåò g1

g1(x) = −xe−
x2

2

(2π)2

g̃1(k) = −ıke− k2

2
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�ðóïïîâûå ñâîéñòâà

Ïóñòü ñóùåñòâóåò óíèâåðñàëüíàÿ (äëÿ çàäàííîé ïîëåâîé ìîäåëè)

�óíêöèÿ F , çàâèñÿùàÿ ëèøü îò çíà÷åíèÿ êîíñòàíòû ñâÿçè è îò îò-

íîøåíèÿ ìàñøòàáîâ, òàêàÿ, ÷òî λ(a0) = F
(

a0
a2
, λ(a2)

)

.

Ïóñòü a2 < a1 < a0 òîãäà èìååò ìåñòî çàêîí êîìïîçèöèè

F

(
a0

a2
, λ(a2)

)

= F

(
a0

a1
, λ(a1)

)

= F

(
a0

a1
,F

(
a1

a2
, λ(a2)

))

Â îäíîïåòëåâîì ïðèáëèæåíèè, ïîäñòàíîâêà

λ(a1) = λ(a2)−
3

2
λ2(a2)

∫ a1

a2

dµ(a)[one-loop℄

â

λ(a0) = λ(a1)−
3

2
λ2(a1)

∫ a0

a1

dµ(a)[one-loop℄

ïðèâîäèò ê ñëîæåíèþ èíòåãðàëîâ

λ(a0) = λ(a2)−
3

2
λ2(a2)

∫ a0

a2

dµ(a)[one-loop℄+ O(λ4),
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Ïðèìåð èç ÊÕÄ

Gluon vauum polarization (Altaisky, Kaputkina PRD 88(2013)025015)

Nµν(l , p) = 10lµ lν + 5(lµpν + lνpµ)− 2pµpν + (p − l)2δµν + (2p + l)2δµν

ïîñëå ñèììåòðèçàöèè ïî ïåòëåâûì èìïóëüñàì l = q − p
2 ïîëó÷èì

Π
(A)
AB,µν(p) =

g 2f ACD f BDC

32π4

∫

d4q

9pµpν
2 − 10qµqν − δµν(

9p2

2 + 2q2)
[

q2 − p2

4

]2 FA(p, q)

Äëÿ g1 âåéâëåòà â ÈÊ ïðåäåëå Π
(A,g1)
AB,µν(p → 0) = − 9g2f ACD f BDCδµν

256A2
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Óïîðÿäî÷åíèå îïåðàòîðîâ è êîììóòàöèîííûå

ñîîòíîøåíèÿ

Îïåðàòîð áîëüøåãî ìàñøòàáà äåéñòâóåò ïåðâûì

a)

X ∆X

Y
∆Y

X

∆X

Y

b)
∆Y

Îáîáùåííûå êîììóòàöèîííûå ñîîòíîøåíèÿ Àëòàéñêèé Ì.Â. Ïèñüìà

â Ý×Àß 2(6) (2005) 7-11

T (A∆x(x)B∆y (y)) =







A∆x (x)B∆y (y), y0 < x0,

±B∆y (y)A∆x (x), x0 < y0,

A∆x (x)B∆y (y), ∆x ⊂ ∆y ,

±B∆y (y)A∆x (x), ∆y ⊂ ∆x ,

Â ñîîòâåòñòâèè ñ ïðèíöèïîì region ausality Christensen and Crane,

J.Math.Phys. 46(2005)122502
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Óïîðÿäî÷åíèå îïåðàòîðîâ è êîììóòàöèîííûå

ñîîòíîøåíèÿ

Îïåðàòîð áîëüøåãî ìàñøòàáà äåéñòâóåò ïåðâûì

Êîììóòàöèîííûå ñîîòíîøåíèÿ (ñèìâîëè÷åñêè)

[u+a1(k1), u
−
a2
(k2)] = Cga1δ(a1 − a2)[u

+(k1), u
−(k2)]

u±(k) =
1

Cg

∫
da

a
g̃(ak)u±a (k)

ïîäðîáíîñòè M.A. and N.Kaputkina, Int. J. Theor. Phys. 55(2016)2805

Îáîáùåííûå êîììóòàöèîííûå ñîîòíîøåíèÿ Àëòàéñêèé Ì.Â. Ïèñüìà

â Ý×Àß 2(6) (2005) 7-11

T (A∆x(x)B∆y (y)) =







A∆x (x)B∆y (y), y0 < x0,

±B∆y (y)A∆x (x), x0 < y0,

A∆x (x)B∆y (y), ∆x ⊂ ∆y ,

±B∆y (y)A∆x (x), ∆y ⊂ ∆x ,

Â ñîîòâåòñòâèè ñ ïðèíöèïîì region ausality Christensen and Crane,

J.Math.Phys. 46(2005)122502
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Ïðè÷èííîñòü ...

a)

X ∆X

Y
∆Y

X

∆X

Y

b)
∆Y

t

x

X Y

t

x

Y
X
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Ïîïðàâêè ê ñèëå Êàçèìèðà, çàâèñÿùèå îò ðàçðåøåíèÿ

Ïîïðàâêà ê ýíåðãèè Êàçèìèðà

E(a, δ) = − ~cπ2

720a3

[

1 +
2

7

(
2πδ

a

)2

+

+
3

28

(
2πδ

a

)4

+ . . .
]

,

Ïîïðàâêà ê ñèëå Êàçèìèðà

F(a, δ) = − ~cπ2

240a4

[

1 +
10

21

(
2πδ

a

)2

+

+
1

4

(
2πδ

a

)4

+ . . .
]

,

Deviation of Casimir fore between two plates

of unit area in vauum. The solid line denotes

the �exat� Casimir fore (δ = 0), the dashed

line denotes the sale-dependent Casimir fore

with δ/a = 0.1
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M.V.Altaisky, N.E.Kaputkina, Ïèñüìà â ÆÝÒÔ 96 (2011)371
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Çàêëþ÷åíèå

Èñïîëüçîâàíèå ïðîñòðàíñòâà ìàñøòàáíî-çàâèñèìûõ �óíêöèé φa(x) ∈
⊕iDi ïîçâîëÿåò ñòðîèòü êîíå÷íóþ òåîðèþ ñ ý��åêòèâíûìè êîíñòàí-

òàìè (çàðÿäàìè), çàâèñÿùèìè ëèøü îò ìàñøòàáà íàáëþäåíèÿ. Ïåðå-

íîðìèðîâêè ñàìèõ ïîëåé ïðè ýòîì íå òðåáóåòñÿ.

Ââåäåíèå îïåðàòîðà ìàñøòàáíîãî ïðåîáðàçîâàíèÿ d̂ , ñâÿçàííîãî ñ ðå-

íîðìàëèçàöèîííîé ãðóïïîé, ïðåäñòàâëÿåòñÿ âïîëíå åñòåñòâåííûì ñ

÷èñòî àëãåáðàè÷åñêîé òî÷êè çðåíèÿ

x̂ = x , p̂ = −ı~∂x , d̂ = x∂x

[x̂ , p̂] = −ı~, [d̂ , x̂ ] = x̂ , [d̂ , p̂] = −p̂
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Çàêëþ÷åíèå

Ñïàñèáî çà âíèìàíèå !
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